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Numerical Solution of Axisymmetric Heat Conduction Problems
Using Finite Control Volume Technique
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A finite control volume technique is developed to solve two-dimensional axisymmetric heat conduction prob-
lems using an arbitrary quadrilateral mesh. In this technique, the integral form of the conservation of energy
equation is applied to control velumes of finite size. The boundary conditions considered include specified flux,
aerodynamic heating, convection, and radiation. Two example problems involving a specified heat flux boundary
condition and a specified temperature in conjunction with a temperature-dependent source are presented to
demonstrate quadratic convergence as the mesh is spatially refined. The temperature-dependent source problem
is solved using both a rectangular and a skewed mesh; the method is capable of producing accurate results on
both rectangular and skewed meshes. Numerical comparisons with a Galerkin finite element code are also

presented.
Nomenclature S, = boundary_ distance between nodes i and j
C, = aerodynamic heating transfer coefficient Sp = constant in the temperature-dependent
C, = elements of the element capacitance source
matrix T = temperature
C, = constant pressure specific heat t = tme )
cS = control surface z = global axial coordinate
cv = control volume « = thermal diffusivity, constant in source
cve = partial control volume surrounding node i term i
of element e B; = coefficients in element temperature
D = shape function derivative matrix profile
dA = differential area vector 8 = Kronecker delta
ds = normal vector along control surface & = surface emittance
E, = elements of the element generation n = local coord;nate
matrix 3 = local coordinate
é’ = temperature-dependent volumetric source P = density
F = radiative view factor o = Stefan-Boltzmann constant
h = convective heat transfer coefficient ¥ = dimensionless temperature, see Eq. (58)
i, = freestream recovery enthalpy for )
aerodynamic heating boundaries Subscripts o .
i, = gas enthalpy at the wall temperature for 1,2,3,... = indices referring to nodes of control
aerodynamic heating boundaries volume )
J = Jacobian of the coordinate a = refers to analytical results
transformation aero = aerodynamic heating boundary conditions
Jo = Bessel function of the first kind of order ¢ = refers to computed results
Zero conv = convective boundary conditions
Ji = Bessel function of the first kind of order flux = specified flux boundary conditions
one i J = node number
K; = elements of the element conduction r = in global r coordinate direction
matrix rad = radiative boundary conditions
k = thermal conductivity z = in global z coordinate direction
L = length of cylinder .
N; = element shape functions Superscripts o ]
n = unit vector e,e + 1,... = indices referring to elements
D = dimensionless generation, see Eq. (58) n = refers to last time step
0 — heat transfer rate n+1 = refers to current time step
g = heat flux vector T = transpose of matrix
r = global radial coordinate -1 = inverse of matrix
To = cylinder radius )
Sc = constant in the source term L. Introduction
(e) = i
o E;)Sr(:i:?:t e() 5 gliihbgggg%ry of element ¢ A. Control Volume Philosophy
COMMON way of deriving the differential equations
that describe physical phenomena is to apply conserva-
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for publication June 5, 1992. Copyright © 1993 by the American tgkp th_e limit as the (Eontrol VOlum? shrinks to zero. When
Institute of Aeronautics and Astronautics, Inc. All rights reserved. finite difference techniques are applied to solve these differ-
*DMTS, Thermophysics Department 1553. Member AIAA. ential equations, we are undoing the limiting process of al-
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volume method (FCVM) applies the integral form of the con-
servation principles directly to control volumes of finite size.
This approach starts from the exact form of the conservation
principles. No approximations are necessary until an assump-
tion is made about how the dependent variables (such as
density, velocity, temperature, and pressure) vary with po-
sition and/or time; then, these integrals can be evaluated in
terms of nodal variables. In assuming ‘“‘profile” shapes, one
can make use of as much physics as is known about the prob-
lem. For mathematical convenience, linear profiles are often
assumed; however, one should seek a profile that best matches
the physics. Admittedly, most things appear to be linear if
they are observed on a sufficiently small scale. However,
being forced to use a small scale means a greater number of
unknown nodal variables for a given probiem accuracy.

The FCVM presented here is a natural extension of the
control volume concepts presented to students of engineering
and physics. In fact, the method can be applied to the solution
of field problems described by ordinary or partial differential
equations without any knowledge of the formal solution tech-
niques for these ordinary or partial differential equations. The
integral form of the conservation principles can lead directly
to algebraic (or ordinary differential) equations involving no-
dal variables without ever producing the ordinary (or partial)
differential equations that describe the phenomena.

B. Literature Review

One of the first applications of control volumes with an
unstructured mesh for the solution of diffusion problems was
presented by Winslow.! In this work, the solution of the Pois-
son equation was obtained using a finite difference-based ap-
proach and a triangular mesh with polygon-shaped control
volumes. The element-based FCVM approach for solving dif-
fusion problems was developed by Baliga® for two-dimen-
sional planar geometries using three-node linear triangles. In
addition to diffusion problems, Baliga® extended the FCVM
to solve both diffusion-convection and general fluid flow prob-
lems using triangular elements and a novel exponential in-
terpolating polynomial that is sensitive to the local Peclet
number. Independently, Hogan® and Hogan and Blackwell*
developed a similar approach for two-dimensional planar and
axisymmetric geometries using three-node triangular ele-
ments; problems with specified heat flux, convective, and
radiative boundary conditions were analyzed. Ramadhyani
and Patankar® solved the Poisson equation using four-node
rectangular elements and a bilinear interpolating polynomial.
Later, Schneider and Zedan® extended the method to two-
dimensional planar geometries using arbitrary four-node
quadrilaterals. The same concepts were extended by Raw et
al.” using nine-noded quadrilaterals with quadratic interpo-
lating polynomials. In the work presented here, the devel-
opment of the FCVM using arbitrary four-node quadrilaterals
is presented for two-dimensional axisymmetric geometries with
anisotropic material properties. This development includes
the appropriate contributions to account for specified heat
flux, convective, radiative, and aerodynamic heating bound-
ary conditions.

Accuracy comparisons of the FCVM and other solution
methods show the promise of the approach. Ramadhyani and
Patankar® compared the FCVM and the Galerkin Finite Ele-
ment Method (FEM) solution for heat conduction in a rec-
tangular bar both with and without uniform heat generation.
The FCVM resulted in errors that were roughly 50% smaller
than the Galerkin FEM errors. For steady-state radial heat
conduction in a hollow cylinder, Schneider and Zedan® showed
that the FCVM errors were at least as small as the Galerkin
FEM, and in several cases up to 40% smaller. Additionally,
estimates of savings in setting up the “‘stiffness” matrix were
reported generally in excess of 25%. For the predominantly
flux prescribed problem, Raw et al.” showed the FCVM re-
sults and the Galerkin FEM were similar. However, for the
convective boundary conditions, a decrease in error of two

orders of magnitude relative to the Galerkin FEM was re-
ported. Banaszek® showed that the FCVM provided better
accuracy than the Galerkin FEM for both a steady-state prob-
lem with anisotropic material properties and a transient non-
linear problem. Additionally, less stringent stability require-
ments for the FCVM were shown using a von Neumann type
analysis. These aspects permit coarser meshes and larger time
steps for similar accuracy. Additional details of the FCVM
can be found in Ref. 9.

The application of the FCVM to heat conduction problems
is a conceptually simple procedure, since it builds on the
control volume approach taught in undergraduate engineering
and physics courses. Kao!? proposed that the FCVM using
triangular elements and linear interpolating polynomials be
included in undergraduate numerical methods courses. The
FCVM has been taught in a senior level numerical methods
course at Texas A&M University since 1982.1

II. Development of Discretized Equations for a
Four-Node Quadrilateral Mesh

The algebraic equations representing conservation of en-
ergy in a heat conducting medium will be developed by ap-
plying the integral form of the conservation of energy equation
to control volumes of finite size. Figure 1 is a schematic of
an arbitrary quadrilateral mesh in which each quad has four
nodes. The node and element numbering system is arbitrary;
however, element ¢ has nodes 1-2-3-4 numbered in a coun-
terclockwise fashion (chosen for convenience and consis-
tency). The control volume about node 3 is shown as the
hashed region. In general, conservation of energy in a heat
conducting solid for an arbitrary control volume can be written
as

d
%) pC, T AV + fcs (dA-¢) = LV " dv (1)
where pC, is the volumetric heat capacity, A is the area vector
normal to the control volume boundary, and CS and CV
represent integration over the surface and volume of the con-
trol volume, respectively. To develop an equation represent-
ing conservation of energy for the control volume surrounding
node 3 in Fig. 1, each of the terms in Eq. (1) must be evaluated
for the crosshatched control volume. For the control volume
shown, the four elements e, . . ., e + 3 contribute to the
energy balance on node 3; the analysis that follows is valid
for an arbitrary number of elements contributing to a control
volume.

In the finite difference approach to solving diffusion prob-
lems, algebraic equations are generally developed on a nodal

(€+3)
3-6

(e+2) (e+3)

4 .

(e) (e+1)

Fig. 1 Schematic of control volume surrounding node 3 and repre-
sentation of conduction energy flux terms.
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basis. In the FCVM, they are formulated on an element-by-
element basis, similar to the FEM. Each quadrilateral element
will have contributions to the portion of the control volume
about each of its four nodes. In this article, the contribution
of a typical element e to the partial control volume about each
of the four nodes will be developed. This contribution is ex-
pressed in terms of element capacitance, conduction, and source
matrices, corresponding to the three terms in Eq. (1). To
develop the matrices that represent the elemental contribu-
tion to each control volume, consider the typical element e
shownin Fig. 2. The contribution of this element to the control
volume about node 3 will be explicitly developed. This will
require explicit expressions for the net heat conducted
(0¥, — 0¥ ) out of that portion of control volume 3 through
the control surfaces and the energy storage and generation
within CV{. The subscript notation on Q. is suggestive of
conduction from node i to node jand Q©, = —Q©. Before
any of the integrals in energy balance Eq (1) can be evalu-
ated, it will be necessary to assume an element temperature
proﬁle.

A. Element Temperature Profile

Within each element, the temperature profile is assumed
to be bi-linear in space

T(z, 1) = Bo + Biz + Bor + Bazr 2

where (z, r) are global position coordinates with the axis of
symmetry along the z axis. Along the element boundary, Eq.
(2) reduces to a linear profile; this assures interelement con-
tinuity of the temperature profile. Instead of global coordi-
nates, local coordinates (&, 1) will be used to define the ele-
ment temperature profile (see Fig. 2). The origin of the local
coordinate system is at the quarter point [z = 0.25(z; + 2,
+ z; + z)and r = 0.25(r; + r, + r; + ry)] with both £ and
ninthe range —1 = (£, n) = 1. At this point, we will introduce
matrix notation for convenience. In terms of local coordi-
nates, the temperature at any arbitrary point (£, n) is related
to the four nodal values by

Tl (e)
T.
T(¢, 1) = [N\N,N;N,] Tz (3)
T,
where the four N, are defined by
Ni(g&m) =3 (1 + &6 + nm) 4)

where §, = (—-1,1,1, —1)and n, = (=1, =1, 1, 1) fori =
1, 2, 3, 4. Note that the shape functions have the unique

i,

/ 2

Fig. 2 Schematic of element e showing conduction flux terms and the
contribution of element e to partial control volume surrounding
node 3.

property that
Ni(fj, 7Ij) = 61‘,‘ (%)

The global coordinates (z, r) are related to the local co-
ordinates through the element shape functions in a manner
analogous to Eq. (3):
r2,]¢
z;

23
Lz

z(§,m) = [N.N,N;N,| (6)

r, 1

r(€, m) = [NiN.N;N,] 9

In the work that follows, the chain rule will be used to
relate derivatives in the two coordinate systems:

9 _ 9z d n ar d
of  9gaz  ofor
4 8z d + ar d
am  dnoz amar

8 gz orl [ 4 9
& of ¢ 9z 0z
= = [J] ®)
9 9z or |19 9
an am dn ar ar
ar or oz or
1 an 9 a¢ 9
Gl =[J1-1 = or ] = 9
G = i m | ™ 7 | @
on o¢ an an

The inverse relationship of Eq. (8) is more useful for the
analysis that follows:

Kl 2
d o0&

= (10)
ar an

Using Egs. (10) and (3), the elements of the global temper-
ature gradient can be written as

or 0N 3N, Ny NG\ rT,1
9z 9 9 o9& o |\ T
=[] 7| =MD
aT AN, IN, oN; N, 3
ar am dn odn I T,
(11)

where [T)° is the element temperature vector. The derivative
of the shape functions can be evaluated from Eq. (4).

B. Area Vector over Control Surfaces

As one integrates the variation of the conduction flux over
the bounding surfaces of the control volume, Eq. (1) indicates
that we require an expression for the differential area dA
normal to the surface of the control volume. Following the
analysis of Schneider and Zedan® for planar geometries, a
vector normal to the control volume boundary can be written
as

dS = drn, — dzn, (12)
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where n, and n, are unit vectors in the z and r directions,
respectively. The differential area can be written as

dA = 27r(drn, — dzn,) = 27r [—S;} (13)

From the chain rule

o _or
dr om0 dn]
= 4
{—dZ] 9z oz [—df (49
om0

or, taking the transpose of Eq. (14) and using Eq. (9)

o oz

[dr —dz] = [dn —dg] | 77 (15)
ar oz
C0E of

= [dy —d¢]DeI 1G] (16)

The final expression for the differential area in matrix form
becomes

[dA]” = 2ar[dr —dz] = 2ardn —dE]DedJ|[G]”
a7

We are now ready to compute the heat conducted across
a control volume boundary.

C. Net Heat Conduction

In order to evaluate the conduction term in Eq. (1), we
will first develop a general expression of Fourier’s Law in
matrix form. ¢ can be written as

g (e) T ©
[q] k.k., || % T,
A .z - _ zz'vzr - _ —1 D 2
g [k,zk,,] o TP 7,
or L

(18)

where [k] is the thermal conductivity tensor. The rate of con-
duction heat transfer across an area dA is

40 = dA-g = [dA]"[g] = ~2mDe TG KIGI(D] | 12

Let us now return to Fig. 2, the representative quadrilateral
element. Within this element, there are only four different
contro! volume boundaries and corresponding element heat
flow terms:

_15550 7]:0 Q(f)
£=0 -l=n=0 09,
0=¢=1 n=0 o,
£E=0 0=9=1 QY

These four conduction heat flow terms can be expressed as

00, = | @rdl, ) = [ a0w

£=0

J’ Q(e) '§:0
.-

1 1
00, = [ @l = | d09.],

0©. - L:O dA-4l, ) = (20)

00, = | @dle) = [ 409,

An energy balance [Eq. (1)] requires that we determine the
net heat conducted out of a control volume. Let Q¢ represent
the net heat conducted across the boundaries of control vol-
ume i that lie in element e; the vector of the four net con-
duction tems can be written in terms of the four element heat
flow terms as

Q® 0L, - 09,
00| _ Q(e) Q(e)
Q ge) - Q (el Q (63 (21)
o5 0¥ - 01,
After numerically performing the integration indicated in

Eg. (20), the element conduction matrix for the FCVM can
be written symbolically as

019 [K. KKK, 1€ [T,]¢

QZ — K21K22K23K24 TZ (22)
Qs K31 K5, K 35K, T

Q4 K41K42K43K44 T.

which is similar in form to the FEM.

In the FEM, the element conduction matrix (stiffness ma-
trix) is symmetric. However, this is not the case with the
FCVM. On physical grounds, one can argue that the FCVM
should not, in general, produce a symmetric element con-
duction matrix. Consider the two terms K, and K,, where

) (&)

K@ = &
12 BTZ 23
o (23)

@ — 2

K21 aTl

Physically, K, represents the incremental change in Q( for
an incremental change in 7;. Unless there is geometrical sim-
ilarity (symmetry) between partial control volumes 1 and 2,
then there is no reason to expect symmetry.

When the equation analogous to Eq. (22) is developed for
the FEM, the terms no longer have the physical significance
of conduction heat flow across the control volume boundaries.
This is because the governing partial differential equation has
been multiplied by a weighting function before integration is
performed. This weighting function produces a symmetric ele-
ment conduction matrix as well as a symmetric global coef-
ficient matrix. If a direct solver is used to solve the resulting
algebraic equations, the FCVM will have greater storage re-
quirements than the FEM because of the lack of symmetry.

Hogan® has shown analytically that for three node triangular
elements and planar geometry, the Galerkin FEM and FCVM
have identical element conduction matrices. Computational
experiments for steady-state problems with no sources and
specified temperature boundary conditions indicate that the
two methods produce nearly identical results for planar geo-
metries with four-node quad elements. However, the FEM
and FCVM methods have different element capacitance mat-
rices for both three-node triangle and four-node quad ele-
ments.
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Next, we will develop the element capacitance matrix for
an arbitrary four-node quadrilateral.

D. Element Capacitance Matrix

The capacitance effects for an axisymmetric geometry can
be written as

| PG T(E m2mr(e, m) dr dz (24)

As with the conduction terms, it is advantageous to perform
the desired integration over an element, using local coordi-
nates instead of global coordinates. In Fig. 2, the capacitance
contribution of element e to the energy balance around node
3 can be written as

a 1 1
(pC,)® = f f rT2wDet[J] d¢ dn (25)
Ot Jn=0 Jg=0
where the volumetric heat capacity is assumed to be constant
for an element. Utilizing the temperature interpolation func-
tion Eq. (3), Eq. (25) can be written as

a 1 1
2m(oc)0 L[| re me
T1 (e)
T.
“[N{\N>N3N,| Tz dé dn (26)
T,

Expressions similar to Eq. (26) can be developed for the
other three quadrants of element e. The capacitance contri-
bution of element e can be written symbolically as

EJ“ C,CxC13C 1 [T,

Ez — (e) C21C22C23C24 Tz

E| e cichenc| || @D
E4 cap C41 C42 C43 C44 T4

where the terms of the element capacitance matrix are com-
puted from

€ = | ri& mDeIIN €, m) dedn 28)

with i, j = 1, 2, 3, 4. The analogous term in the FEM is the
mass matrix. The quantity CV® represents the portion of the
control volume surrounding node i in element e; this is termed
a partial control volume. The integrals in Eq. (28) are eval-
vated numerically.

Next, we will evaluate the energy source term for a typical
four-node quadrilateral element.

E. Energy Source Term

Following Patankar,'? we will assume that the energy gen-
eration rate per unit volume is linearly dependent on tem-
perature

¢” = ST + S, (29)

where S, and S are constants. We will first work out the
contribution of CV{¥ in element e and then generalize the
results for all nodes. By analogy with Eq. (25)

1 1
fcv;w e"dv = 27 f . L (ST + S)DedJ] d¢ dn

= 2ms, || re nmie mpet) ag an

+

27Sc L=0 L:O r(¢, m)Det]J] d¢€ dn (30)

The first integral above is identical in form to the capacitance
integral; hence, it is not necessary to redevelop it. The second
integral is a product of a centroidal length and area and is
evaluated by numerical integration.

To evaluate the contribution of the other three quadrants
of element e, just change the integration limits in Eq. (30).
The element energy generation can be represented by

EJ¢ CiiCioCiiCu] ™ [T1] PA
EZ — Czl C22C23C24 TZ + 2 S fZAZ
E3 B 27TSP C31C32C33C34 T3 e f3A3
E4 source C41 42C43C44 T4 f4A4
(31
where the C, are defined by Eq. (28) and
7, = [ e mDet) dé an (32)

In the next section, a variety of practical boundary condi-
tions will be considered.

III. Boundary Conditions

If the FCVM s to be useful in solving engineering problems,
it must be capable of handling a variety of realistic boundary
conditions. The next sections address specified heat flux, aero-
dynamic heating, convection, and radiation boundary con-
ditions.

A. Specified Heat Flux Boundary Condition

We will start our boundary condition development with the
specified heat flux boundary condition. For this case, two
logical choices for how to apply this boundary condition in-
clude using nodal fluxes or element fluxes. The nodal ap-
proach could assume that the heat flux is associated with a
surface node. A distribution of flux could be achieved by
suitable interpolation between adjacent surface nodes. The
simplest nodal interpolation scheme would be to assume a
constant nodal flux on each side of the surface node as shown
in Fig. 3a. The next level of complexity would be linear in-
terpolation between adjacent nodal values.

For the element flux specification method, the heat flux is
assumed to be a constant over the exposed element face. This
approach is shown schematically in Fig. 3b. The element flux
method was chosen for this work. The energy balance on
surface node i (Fig. 3b) will involve contributions from ele-
ments e and ¢ + 1. In order for the boundary condition
treatment to be consistent with the “element assembly” ap-
proach of this article, attention will be focused on the con-
tribution of the boundary condition along an element face.
First, we will compute the flux leaving the boundary portion
of element e that is associated with node i. If ¢ is the heat
flux leaving the boundary, then the total heat leaving this
portion of the boundary is given by

0© = Lm q©2ar ds (33)

where s is a coordinate measured along the i-j boundary of
element e, and § is that portion of the boundary of the

a) Nodal flux

b) Element flux

Fig. 3 Two methods of specifying boundary flux.
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element that is associated with node i. In Fig. 3b, the i-j
boundary is taken to be the line 5 = 1; consequently, the
i-f boundary corresponds to —1 =< £= 1. It will be convenient
(though not necessary) to express Eq. (33) in local coordinates
and evaluate the integral analytically. The result is

. S(E) 1
0 = 2w =L (e)f [+ Hr + (1 - dr)d

§@
=27 5 q® <‘§1 ri + %rj) (34

where $ = S + S is the length of the element side i-j,
and ¢© is an element flux (independent of position). (This
result could be written down by utilizing the Theorem of
Pappus.) The grouping of terms (3 r, + ir)) is the radius at
the midpoint of the interval 0 = ¢ = 1.

i+ =30+ ) +r] =

i(r, + ) + 30— 1)

A similar integration over the interval —1 = ¢ = 0 yields

i ©
Q¥ =27 <S )q(e) (% r+ i ) (35)

Equations (34) and (35) can be put in a symbolic matrix
form to represent the specified flux boundary condition con-
tribution of element ¢

L7@
[’j] (39

Equation (36) can be written in a form that allows one to
separate out the boundary contribution into a “planar like”
portion plus an “axisymmetric modification”

5 7@ ©
Qi — Si' s (e 1
[Q/ —27r—2’—q()§(ri+rj)

flux

1 = 1
{H 2+ ) [—1]} G7)

Since the above results are independent of the element tem-
perature vector, only the right side of the global matrix must
be modified to account for a specified heat flux boundary
condition.

—
[l
=~
O
il
()
3
MO
K
=z
Bl W
BlW B

B. Aerodynamic Heating Boundary Condition

For aerodynamic heating, the heat flux is assumed given as
the product of a transfer coefficient times a recovery enthalpy
driving potential

4 = CPG, - i) (38)
where C( is the element transfer coefficient. Hence, the

element e contribution to the energy balance on node i is
given by

0© = @ |, G = i2mr ds (39)

It will be assumed that the wall enthalpy varies linearly with
position:

L, =31+ i+ 31— i, = 10+ i) + 3G — i)E
(40)
After performing the integration indicated by Eq. (39), the

element aerodynamic heating matrix at time n + 1 can be
written as

31
A 1G] (&) 4 4 fn+l
Q,] Sy 1 [li ]
: =20—CP=(r,+ 1 .
[Qf acro 2 Gt 13| Lt
44
o1
. - 6 6 in+1 .
S i) S (1)
i, 2r;, + 1) 1 5] Lt i
6 6

where the n + 1 superscript denotes the current time step.
Note that the recovery enthalpy is evaluated at the n + 1
time step.

Unfortunately, Eq. (41) is in terms of nodal enthalpy in-
stead of nodal temperature. In order to avoid iteration be-
cause of the possible nonlinear relationship between temper-
ature and enthalpy, we will expand the enthalpy in a Taylor
series in time:

in+l — ;in
2l o= g7

it + Cp(T77' = T7)
(42)

i

di;
= (Tr+l — Tn) =
+ o (T )

Substituting Eq. (42) into Eq. (41) and simplifying, the ele-
ment aecrodynamic heating matrix becomes

3 1
|:Q ](e) §© ) P CP,’Z Cp
s ¢ =202 CO=(r, + 1
Qi Jucro 2 gl 1.3
ZCPiZCP,
; 3 . .
|:T"“ © it o+ Z(CP,-T? =i+ 5 (CP, P —in
. Tn+1:| -
. 1 . .
it Z(CP.-T? =7+ (CP, 7=
5 1 .1¢
—=Cp, C
(r, = 7) 6" 6" [yer]@
2r; + 1) 1 5 T+t
g Pi 6CPj
jn+1 5 n in 1 n Fn
- +6(CP'Ti -7 +6(CP’T/ —i7)

- (43)
_ 1 5 .
iptt = L (CpTy = i) = C(CaT} — i)

Equation (43) is in a useful computational form since the
unknown temperature vector at time n + 1 appears explicitly.
The coefficient of the element temperature vector in Eq. (43)
will be used to modify the left hand side of the global matrix;
all other terms in Eq. (43) modify the right side vector. Note
that i, is an element variable, independent of position but
possibly time dependent.
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C. Convective Boundary Condition
For traditional convection, Eq. (38) is replaced with

4© = hO(T, - T.) (44)
The element convection matrix can be derived by analogy

from Eq. (41) for aerodynamic heating by simply replacing i
by CpT, and C,C, by h

31
5 1@ @ 44 _—
Qi Sij 1 Ti
s =2r—h@=(r. + r
[Qf o 2 2 (it ) 13| LT
44
.
B I:Tx] + (r, = 1) 6 6|y | T
T. 2r; + 1) 1 5 Tp+! T.
6 6

(45)

All temperatures in Eq. (45) are evaluated at the n + 1 time
step.

D. Radiation Boundary Condition

Assume that the radiative heat flux leaving the side of an
element is given by

4y = e@QoFO(T* — T}) (46)

where &© is the element emittance, F® is the view factor
between element e and its surroundings at temperature T,

r

(independent of position). The element radiative flux matrix
for boundary i-j is given by

RG] J(e) (T* = TH2zwr ds
Q; 5
[Ql] = g@gF® 47)
e f (T* = TH2mr ds

5@
i

In order to perform the integration in Eq. (47) analytically,
the temperature profile along the boundary of the element
can be written as

T(€) = 31 + OT, + 31 - 7T,
=T, + T) + 4T, - T)¢ (48)

The relationship r(£) has already been given in Eq. (34).
Although the analytical integration of Eq. (47) is straightfor-
ward, it is lengthy and the details will be omitted. An inter-
mediate result is

5 1@ ©
Qi — e e S‘“ 1
[Q,- = 2778()0'F()-—5—§(r, +r)

rad

Ts - T (rp —r) | T2 — T
Hﬁ—n]‘wﬁw)ﬁ—n )
where the following effective temperatures are defined as:
Ty = T4 + T°T, + T°T? + TT? + T%)
T4 = &(T* + 2T3T, + 3T?T? + 4TT? + 5T%) } (50)
T =T, + T)

The results of Eq. (50) are also valid for i — j. Note that
when T, = T, = T, then T = T, = T,. Equation (49) is

nonlinear in the unknown nodal temperatures. To avoid it-
eration, a Taylor series linearization in time similar to that
used for the aerodynamic heating boundary condition will be
utilized. In matrix form

[(T?“)“] _ [(T?)“] | h [(T:'“ - T:')]
(T]r_;+1)4 (T]r_:)4 G_T;"Q_T_z (T]r_l+1 — T;’)
aT; 9T,
&2y
An analogous result can be derived for 77+1

(Trenys ] _ | (Toy*
Lﬁﬂi_LUA+

OT, 8T, | | (Ty+* = T7)
aTsoTs| (T — T7)

3T, oT,
(52)
Substituting Eqs. (51) and (52) into Eq. (49), we obtain
a4 aT ™
S 1@ o591 aT, oT,
2il = dpe@gF© i (4 p
[QJ A (ot n) aT# oT?
aT, oT,
aTs ot ™
7] e (5]
O Netpary) LT
aT, oT,
ofy o™
[T‘ T;*]‘") (=) || T T [T?“]
T: - T} 27(r; + 1) oty ‘ﬁ Tr+1
T, 9T,
aft o™
T, 9T, T? T4 — 7417
’ [‘]—[; -ﬂ (53)
af? oy T7 T: - T
9T, oT,

J

This completes the formal development of the boundary
conditions for the FCVM.

While the emphasis of this article is on axisymmetric ge-
ometries, it should be pointed out that the element boundary
condition equations have been written in a form such that the
corresponding planar geometry results can be readily written
down. For example, in Eq. (53), the factor 27i(r, + r)) is
replaced by unity, and the factor (r; — r,) is replaced by zero,
with the resulting equation being the planar geometry version
of the element radiation boundary condition. The same logic
can be applied to Egs. (37), (43), and (45).

IV. Example Calculations

To demonstrate the accuracy of the FCVM, solutions for
two axisymmetric example problems are compared with an-
alytical solutions. Additionally, the errors associated with us-
ing a skewed mesh are compared with those for a rectangular
mesh. For all example calculations presented here, a fully
implicit time integration scheme with first-order accuracy was
used, and the linear equations were solved using the direct
band solver method of Gopalakrishnan and Palaniappan.'?
All calculations reported here were performed on a Sun SPARC
station 1® using double precision.
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A. Cylinder with Specified Heat Flux on One End
(Rectangular Mesh)

Figure 4 shows the geometry, material properties, and
boundary conditions for this example problem. This problem
is equivalent to a one-dimensional planar geometry with one
insulated and one specified heat flux boundary condition.
Although it is a simple problem, it is important because it
evaluates the significance of any assumptions associated with
the implementation of the boundary contributions of the ra-
dial conduction terms. With an appropriately formulated nu-
merical method, the computed temperatures should vary only
in the axial (z) direction.

To evaluate the FCVM solution of this problem, the dif-
ference in the computed temperature and the analytical so-
lution is evaluated. The analytical solution is presented in
Beck et al.'* Figure 5 shows the percentage error in the com-
puted surface temperature rise as a function of the number
of elements in the axial direction for several Fourier numbers
(arL?); two elements were used in the radial direction for all
calculations. The relative error is defined using

AT,.. =Tz =0,0) - T(z = 0,t = 0) (54)

as
relative error = (ATl — AT maxl /AT okl (55)

Note that using this definition, the error is indeterminate for
the initial conditions (¢ = 0).

As the mesh was refined in the axial (z) direction, aAt/Az?
the mesh Fourier number, was kept constant at unity. For 10
axial elements, At = 0.01 s was used. When the mesh was

o

g = 1W/cm?
p=1I gm/cm3
k =1W/cem-°K

C,=1Jgm-°K

T(z,0) =0

Fig. 4 Boundary conditions and material properties for cylinder with
specified heat flux one end.
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Fig. 5 Variation of relative error in the maximum temperature rise
(at the surface) with the number of axial elements (aAt/Az? = 1) for
several Fourier numbers (both FEM and FCVM).

refined by a factor of two, the time step was reduced by a
factor of 4. The results in Fig. 5 demonstrate that 1) tem-
perature errors decrease with increasing dimensionless time,
2) reasonable errors can be obtained even on a coarse mesh,
and 3) the error decreases quadratically as the mesh is refined.
The computed temperatures are essentially uniform (to six
significant digits) in the radial direction suggesting that the
formulation of the radial terms is correct.

Figure 5 also presents computational results using the Gal-
erkin FEM" with the same number of quadrilateral elements
and time integration scheme as the FCV results. The FE errors
are uniformly smaller than the FCV results for this example
problem. The ratio of FCV-to-FE errors fell in the range of
1.06-1.11 for all the results of Fig. 5; for this example, the
two methods are deemed comparable in terms of accuracy.

B. Cylinder with Temperature-Dependent Source
(Rectangular Mesh)

The second example problem is a solid cylinder with an
internal energy generation that varies linearly with temper-
ature. The cylinder is initially at a uniform temperature of
300 K. For t > 0, the surface temperature is fixed at 300 K
and the cylinder ends are insulated. In this example, the max-
imum temperature occurs at the centerline of the cylinder.
Figure 6 shows a sketch of the geometry and material prop-
erties for this example problem.

Figure 7 shows the relative error as a function of time for
10, 20, 40, and 80 elements in the radial direction; two axial
elements and «aAt/Ar* = 1 were used in all cases. In this
example, the relative error is defined using

AYwmax = T(r = O’ t) - T(r = Ty, t) (56)

and Eq. (55). For the initial conditions (+ = 0), the error
defined using Eq. (55) is indeterminate. For these results, a
rectangular mesh with two axial elements was used. The an-
alytical solution was developed by the authors for comparison
with the computed solution, and is given by

W= Jolpriry) +9 i (1 o} )

7 Tp) 2N @ - p)
U oo (LS
where
e
2."5’ : 0 (58)

and the eigenvalues are the roots of J(v,) = 0.

L=1cm

ro=1cm
p =8 gm/em®
k = 0.2 Wiem-"K T, =300°K =T
C, =0.5J/gm-°K T, = 273°K
e = e [1+0 (T-Tp} o, = 0.016/°K

ey = 62.5 W/em?®

Fig. 6 Sketch of the geometry, material properties, and source term
for a solid cylinder with temperature-dependent source.
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Cylinder with Ternp Dependent Source

Centerline Temperature o = 0.016
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Fig. 7 Relative error in the maximum temperature rise (at the cen-
terline) as a function of time for several meshes.

10 — T T ™ T T R a—
7 1
o at/r) ]
Y -0~ 0.2 FCV | ]
B --0--02FE ||

g —a~ 0.5 FCV
& 10 -5+ 05FE |7
o —0— « FCV | ]
- - _
P i

o]
S N
s
) 10-2 = 3
> » E
= s ]
[3) B

221 | ]

10_3 1 L L L L L L L

10 1¢°

No of r—Elements

Fig. 8 Relative error in the maximum temperature rise (at the cen-

terline) for temperature-dependent source problem as mesh is refined,
aAt/Ar = 1.

Figure 8 shows the relative error for both the FCVM and
FEM as a function of the number of radial elements for Four-
ier numbers of 0.2, 0.5, and « (¢ = 4, 10, and % s). For the
two finite time values, neither method is uniformly better than
the other over the range of radial elements considered. While
the FCVM consistently displays quadratic convergence as the
mesh is refined, the FEM results are not quadratic. We offer
no explanation for this behavior. For the steady-state results,
both methods demonstrate quadratic convergence with the
FCVM results having an order of magnitude smaller error.
This superior performance of the FCVM was found for other
steady-state problems. These results demonstrate good ac-
curacy on a coarse mesh and the second-order convergence
of the FCVM.

We have demonstrated the validity of the FCVM on simple
but meaningful example problems. However, the power of
the method lies in the ease with which it can handle geo-
metrically complex objects using a mesh of significant skew-
ness. This will be demonstrated with the final example prob-
lem.

C. Cylinder with Temperature-Dependent Source (Skewed Mesh)
To investigate the errors associated with the use of a mesh

with poorly shaped elements, the solution was also computed

using the elements shown in Fig. 9. In this mesh, there are
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Fig. 9 Skewed mesh used for testing the flexibility and accuracy of
the FCVM.
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Fig. 10 Relative error in the maximum temperature rise (at the cen-
terline) as a function of axial distance at a time of 10 s for both the
rectangular and the skewed meshes.

many poorly shaped elements, as well as some rectangular
elements.

Figure 10 shows the relative error in the centerline tem-
perature rise as a function of axial distance at a dimensionless
time of at/r{ = 0.5 for both the rectangular mesh (10 equal
Ar’s) and the skewed mesh. In this example, the relative error
is defined by Egs. (55) and (56). The error is uniform for the
rectangular mesh, but varies with axial position for the skewed
mesh. There appears to be a correlation between mesh coarse-
ness in the radial direction and error magnitude. The relative
errors are smaller in the lower left corner (r = 0, z = 0) where
the mesh is finer. Near the lower right corner (r = 0, z = 1),
the mesh is coarser and the relative errors are larger. Both
the percentage and the absolute errors are small for the skewed
mesh. This example demonstrates the potential for the FCVM
for solving geometrically complicated heat conduction prob-
lems.

V. Concluding Remarks

We have presented our philosophy of the FCVM and a
review of the literature pertaining to this approach. A detailed
development of the discretized equations for four-node quad-
rilateral elements and axisymmetric geometries is presented
using terminology familiar to the finite element community.
The implementation of the specified heat flux, aerodynamic
heating, convective, and radiative boundary conditions is de-
veloped in detail. Conceptually, there is no reason the FCVM
cannot be applied to three-dimensional problems. The ac-
curacy and flexibility of the FCVM is demonstrated by com-
paring computed and analytical solutions for axisymmetric,
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transient heat conduction problems. Solutions were compared
for both rectangular and skewed meshes. The agreement be-
tween the computed and analytical solutions was shown to be
excellent for the problems we considered, and the method
was shown to have quadratic convergence as the mesh was
refined. The computed temperature distribution using a highly
skewed mesh compared well with the analytical solution. This
demonstrates the accuracy, generality, and robustness of the
FCVM for solving geometrically complicated heat conduction
problems.

Our implementation of this method into a practical com-
puter code (called FCV) provides the following capabilities.
Both planar and axisymmetric, two-dimensional, transient,
nonlinear, heat conduction problems can be solved. The code
accounts for fully anisotropic and temperature-dependent ma-
terial properties. The specified heat flux, aerodynamic heat-
ing, convective, and radiative boundary conditions discussed
in this article are included. In addition to these boundary
conditions, the capability to solve coupled radiative/conduc-
tion heat transfer in enclosures has been implemented. The
radiative transfer is formulated using the net radiation method
for diffuse gray enclosures.

The FCVM presented in this article can be applied to sim-
ulate other physical phenomenon in addition to heat conduc-
tion problems. This approach is appealing because it is for-
mulated directly in terms of physically meaningful quantities.
For example, this approach has been applied to heat, mass,
and incompressible fluid flow using primitive variables by
several researchers.'6-18
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